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Abstract

We run an experiment to compare belief formation and learning under ambiguity and
under compound risk at the individual level. We estimate a four-type mixture model
assuming that, for each type of uncertainty, subjects may either learn according
to Bayes’ Rule or learn according to a multiple priors model of learning. Our
results indicate that majority of subjects are Bayesian, both under compound risk
and under ambiguity, while the second most frequent type are subjects that are
Bayesian under compound risk but who use a multiple priors model of learning under
ambiguity. In addition, we find strong evidence against a common assumption that
participants’ initial beliefs (and priors) are consistent with information provided

about the uncertain process.
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1 Introduction

Learning from a signal when the initial information is uncertain is critical for economic success.
For example, in an innovation context, firms must decide whether to continue with an R&D project
depending on research results; in a consumer choice context, people must decide whether to buy a
product, based on the product review; in a retail context, managers must decide which assortment
of products to offer depending on the product sales. However, in most situations, a decision maker
does not fully understand, has little information about, or considers multiple theories about the
process generating the signal. In such cases, it is common practice to model the environment as
uncertain and use Bayes’ rule as a way for the agent to learn from a signal. Little is known,
however, regarding the learning process under uncertainty with unknown probabilities (henceforth
ambiguity). In particular, is it different from the learning process under uncertainty with known
probabilities (henceforth compound risk)? And, how well does Bayes’ rule capture the learning
process under ambiguity?

The difference between ambiguity and risk was first noted by [Knight| (1921). Later, using a
thought experiment, |[Ellsberg| (1961) showed that behavior under ambiguity cannot be explained
by the subjective expected utility theory of Savage (1954). Recent experimental studies show that
there is substantial heterogeneity in attitudes towards compound risk and/or ambiguity at the
individual level (Halevyl, 2007; [Stahl, 2014; Abdellaoui, Klibanoff, and Placidol 2015; Harrison,
Martinez-Correa, and Swarthout) |2015)). In addition, a number of studies find an association
between attitudes towards the compound risk and ambiguity (Halevy, [2007; [Abdellaoui, Klibanoff,
and Placido|, 2015; |Dean and Ortoleval, 2015} [Prokosheval, 2016; |Qiu and Weitzell, [2016; |(Chew, Miao,
and Zhong, [2017). While the above studies focused on decision-making in static environments, there
is scarce evidence on any such relationship about learning under compound risk and ambiguity.

In this paper, we present an experiment designed to compare the learning process under com-
pound risk and under ambiguity at the individual level. In our experiment, there are two types
of urns composed of black and white marbles. Compound risk urns are constructed by randomly
drawing from a set of urns with known composition. Thus, the subjects are provided with the
objective prior about the probability that a black (or white) marble could be drawn. Ambiguous
urns are constructed so that subjects do not know the exact composition of the urn, but know
the total number of marbles, which is kept the same as in the compound case. In other words,
subjects are not provided with enough information to form an objective prior. In the experiment,
each subject faces decisions regarding both types of urn. The questions that we address in this
paper deal with the priors considered by the subjects and the process by which those priors are
updated. In particular, the following questions are of interest: Are beliefs consistent with the urn
composition process? Are there behavioral differences between learning under the compound risk
and ambiguity? Can a multiple priors approach explain the learning behavior under ambiguity
and/or compound risk?

To answer these questions, we use a mixture model to estimate the proportion of subjects that

learn according to Bayes’ rule and the proportion of subjects that learn according to a more general,



multiple-priors model of Epstein and Schneider| (2007). The multiple-priors model fits within a
stream of literature that uses maximum likelihood as a way to discriminate among priors after a
signal has been observed (Gilboa and Schmeidler, [1993). In particular, agents consider multiple
priors about the signal generating process, and upon realization of the signal agents evaluate which
of the priors were “likely” to generate the signal. Then only these “likely” priors are updated
according to Bayes’ rule and considered as decision relevant. Importantly, the model can be applied
to the compound risk environment — in which case only the single objective prior will be in the set.
We find that the majority (60%) of subjects are Bayesian both under compound risk and ambiguity.
We also find a substantial fraction (25%) of subjects who are Bayesian under compound risk but
not under ambiguity.

The challenge in considering the multiple priors model is that the set of possible priors is infinite.
We estimate two models with different assumptions on the type of priors subjects may use. The
first model assumes that subjects’ priors are over the possible urns that could be generating the
signals (i.e. priors over the number of black vs. white marbles in the urn). We refer to these priors
as Simplex priors, because they take the form of an element of the 3-dimensional simplex. The
second model assumes that subjects’ priors take on a Beta distribution over the probability that a
black marble is drawn. This second class of priors was recently used by Moreno and Rosokha (2016)
as part of a behavioral model of belief updating. We find that under the assumption of Simplex
priors participants’ behavior is in line with the multiple-priors model under both compound risk
and ambiguity. At the same time, under the assumption of Beta priors the behavior is more in line
with subjects being Bayesian. Our model selection result, however, provides overwhelming evidence
in favor of the Beta priors. In particular, while the Simplex priors correspond to the possible urn
compositions (and are consistent with the information provided about the uncertain process), they
impose implicit restrictions on the strength of priors and the range of the beliefs that subjects could
hold. These restrictions prove to be too limiting in describing human belief formation and learning
processes as compared to a set of more general Beta priors.

Our work contributes to the literature that investigates learning under compound risk and/or
ambiguity. In particular, there exists a large body of literature in economics and psychology with
focus on learning under compound risk. The conclusions in this literature vary. For example, in
a seminal article, Kahneman and Tversky| (1973) present evidence that individuals over-value new
information relative to Bayes’ rule (a judgment bias known as representativeness). At the same
time, other studies (e.g., Buser, Gerhards, and Van Der Weele, [2018; Coutts|, 2019) find that subjects
under-value new information relative to Bayes’ rule (a judgment bias known as conservatism), or
that most behavior is well described by Bayes’ rule (e.g., [El-Gamal and Grether, [1995)).

A smaller stream of literature has focused on learning under ambiguity (Cohen, Gilboa, Jaffray,
and Schmeidler], [2000; [Dominiak, Dursch, and Lefort| 2012} Baillon, Bleichrodt, Keskin, I’'Haridon,
and Li, 2013; Qiu and Weitzel, 2013; Ert and Trautmann, 2014; Moreno and Rosokha, 2016]).
In this literature, the most closely related study to the current paper is [Moreno and Rosokha

(2016) who develop a behavioral model of belief updating and then estimate their model at the



aggregate level. The authors find that learning under compound risk is consistent with Bayes’ rule,
while the learning process under ambiguity is consistent with over-weighting of the new signal.
In the current paper we differ in several important ways: First, we use a within-subject design
which allows us to address learning by the same individual in the two environments. Second, we
consider a multiple-priors model of learning developed for ambiguous environments, rather than
using a reinforcement type behavioral model. Third, we investigate two different specifications of
subjective priors. Finally, we estimate a mixture model of different types allowing for individual
level heterogeneity in preference, learning, and precision parameters.

The rest of the paper is organized as follows. In Section we describe the experimental
design and elicitation procedure and present an overview of the data. In Section [3| we present
the learning model and estimation procedure used. In Section [4] we present and discuss our main

results. Finally, in Section [5, we conclude.

2 Experimental Design

Design of the current experiment builds on the work by Moreno and Rosokhal (2016)) to allow for
estimation of the multiple priors model of learning and to allow for comparison of learning between
compound risk and ambiguity at the individual level. In particular, similar to the prior work,

compound risk and ambiguity are implemented using urns of black and white marbles (Figure [1]).

Figure 1: Urn Types
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Notes: R; - risky urn. C' - compound urn. A - ambiguous urn. Urns R; — Rs are constructed in front of
the participants. Urn C' is determined by randomly drawing one of the four urns that were constructed in
front of the participants. Urn A is constructed by placing two marbles in the urn before subjects enter the
room. During the experiment, subjects verify that there are two marbles in the urn, and they are informed
that each could be either black or white, but they are not informed about the process by which the marbles
were selected; then, one black and one white marble are added to the urn in front of the participants.

The three types of urns used in the experiment differ with respect to their composition process.
Specifically, subjects see the exact composition of the risky urns (R;, Ra, and Rz in Figure [1)).
Subjects see the composition “process” of the compound urn (C' in Figure . Subjects do not know

the composition process of the ambiguous urns (A in Figure . Thus, no objective probabilities



are provided during composition of the A urn, and, therefore, there is ambiguity about the number
of black and white marbles. Nevertheless, the same three compositions are possible under the C
and A scenarios.

Decision tasks in the experiment involve choosing between a lottery involving one of the urns
presented in Figure [I] and a sure option. Specifically, Figure [2| presents the Multiple Price List
design (Holt and Laury, 2002; Harrison and Elisabet Rutstrom, 2008) that we implemented in each
task of the experimentﬂ Note that unlike the work by Moreno and Rosokha/ (2016), tasks in the
current experiment involve decisions about black and white marbles. That is, we used two sets of
decision tasks: one containing questions of the form “Please choose between $X (Option A) vs. $33
if black is drawn, $5 otherwise (Option B)” and the other containing questions of the form “Please
choose between $X (Option A) vs. $33 if white is drawn, $5 otherwise (Option B).” The two types

of decision tasks allow for estimation of a set of priors.

Figure 2: Decision Tasks

The outcome of the lottery is based on the color of the ball that will be drawn from
urn i. Please choose between Options A and B for each question.

Option A Option B
1) $6 $33 if black (white), $5 otherwise
2) $9 $33 if black (white), $5 otherwise
3) $11 $33 if black (white), $5 otherwise
4) $14 $33 if black (white), $5 otherwise
5) $17 $33 if black (white), $5 otherwise
6) $ 20 $33 if black (white), $5 otherwise
7) $ 23 $33 if black (white), $5 otherwise
8) $ 26 $33 if black (white), $5 otherwise
9) $ 30 $33 if black (white), $5 otherwise

Notes: In the experiment, we used two sets of decision tasks. One set had questions of the form
“$X vs. $33 if black is drawn, $5 otherwise” and the second set of the form “$X vs. $33 if white
is drawn, $5 otherwise.” For each decision task, participants had to make the choice for each of
the nine questions (with multiple switching points allowed).

!While the gap between the certain amounts for Option A (Figure 2) may seem large, it is worth noting that in the
experiment subjects will see two signals about each urn with each signal consisting of three draws with replacement.
For context, the indifference point for a risk neutral subject who considers objective composition of the C urn, who
follows Bayes’ rule, and who sees six successes would increase by approximately $6.



The goal of the current experiment is to allow comparison of the learning process between
compound risk and ambiguity at the individual level; therefore each subject is presented with both
the decision task involving the compound urn (henceforth C-task) and the decision task involving
the ambiguous urn (henceforth A-task). In order to ensure that the order of presentation does not
affect the learning process we ran the experiment using two order treatments as presented in Table
of the Online Appendix.

Figure [3] presents the summary of the draws and treatments in the experiment. In total, we
recruited eighty-four undergraduate students for the experiment at the University of Texas at
Austin ] Ten sessions of the experiment were administered between October of 2012 and February
of 2013. Each participant made either 144 or 180 decisions over a period of approximately 45
minutes. At the end of the experiment, two decisions were picked at random and carried out to
determine the participants’ earnings for the experimentﬁ All lotteries were executed by physical

randomization devices.

*For robustness, we augment the current data set with data from Moreno & Rosokha (2016) that includes 113
participants. Results are presented in Online Appendix B.

3The random lottery incentive mechanism has several known issues when it comes to the elicitation of preferences
for risk and uncertainty. For example, Freeman, Halevy, and Kneeland| (2019) show that when compensated based
on one randomly selected lottery from a list, subjects are more likely to select the sure payment over risky lottery
as compared to the case when facing only one payoff-relevant decision. |Harrison, Martinez-Correa, and Swarthout
(2015) show that the random lottery incentive mechanism may in itself lead to violations of the reduction of compound
lotteries. However, a between-subject design with each subject facing only one, payoff-relevant decision would not be
able to address whether the same subject learns differently under compound risk or under ambiguity.



Figure 3: Experiment Summary

Session N Stage 2 Signal 1 Signal 2 Stage 3 Signal 1 Signal 2 Stage 4 Signal 1 Signal 2 Av.Earn

1 11 C (11} 000 A 000 000 - - - 48.00
2 7 A 000  Jol C  Jo! ) ocee - - - 38.15
3 4 A 000 cee C (11} ( 1 Jo) A (11 00 45.00
4 11 A  Jo! ) ee0 C 00e oo A 000 00®  40.00
5 11 C ocoe [ ol A o] le) o] lo} A o] Je) [ Jele} 38.40
6 6 C olel (| Jo] A 000 00 A olel ( 1 lo} 41.83
7 10 A (1) e00 C [ Jole} [ 1 lo} A 000 ( 1 le} 51.88
8 10 A [ Jel®) (11} C 000 eeo A cee ooe 46.00
9 6 C (11} 00 A 000 | Jo] A ol 1o} cee 30.17
10 8 C 000 (o] A 000 ele] ) A 000 [ lole} 42.88
Total 84 42.42

Notes: Stage 1 (not shown) involved tasks regarding the risky (R) urns. No draws were made from the R urns.
Stage i € {2, 3,4} contained a sequence of tasks, each involving either the compound (C') or the ambiguous (A)
urn. The task and draws were arranged as follows: first, subjects faced two tasks — one regarding black and one
regarding white — before any draws were made; next, three draws with replacement were made (Signal 1), after
which subjects again faced the two tasks presented in Figure 2; finally, three more draws with replacement
were made (Signal 2), after which subjects faced two more tasks.

3 Learning With Multiple Priors

We consider the MP model developed by Epstein and Schneider| (2007). In this model, the param-
eter of interest is 0 < « < 1, which determines the extent to which the decision maker discards
“unlikely” priors. In particular, only priors considered as “likely” are updated according to Bayes’
rule after each draw. The extent to which priors are “likely” is determined by the likelihood-ratio
test relative to the prior with the highest likelihood. Among the obtained posteriors, the one that
yields the worst expected payoff is considered for lottery evaluation. Specifically, let My be the set
containing all the considered priors at round zero. After observing a history of draws H;_ 1, the
likelihood of each prior ug € My is evaluated. Then, the decision maker discards all priors pg that
do not pass a likelihood-ratio test against an alternative theory that puts maximum likelihood on
the sample. Posteriors py(H—1; 1) are formed only for priors that pass the test. Thus, the set of

posteriors is given by
My = {pe(Hy—1; o) = p1o € Mo, L(Hy—1p0) > o x max L(Hy—-1|pg) }- (1)
Ho

L(Hi—1]po) ~

Equivalently, a posterior p;(H;_1; 19) will be included in the set of posteriors if L) = O



where L(H;_1|.) is the highest likelihood observed for all priors in the original set. With the new
set M;, agents make their decision according to the maxmin criterion, as in |Gilboa and Schmeidler
(1989). Notice that M4 is constructed from My, the set of considered priors at round zero, and
not from M;. Note, also, that the higher the «, the smaller the set of posteriors at every t.

The difficulty with estimating the priors is that the types of priors can vary greatly. In order
to facilitate the estimation of the sets of priors, we limit our attention to two classes of priors
that subjects may use. The first class, which we term Simplex priors, is characterized by the
probabilities assigned to each of the three compositions of the C' and the A urns which are possible
in the experiment (and participants know that). The second class, which we term Beta priors, is
characterized by the belief about the probability of a black marble occurring and the strength of

that belief. Next, we describe the two types of priors in more detail.

3.1 Simplex Priors

The first class of priors is motivated by the urn composition process. Specifically, in both the
compound and ambiguous scenarios, there are three possible states of the word each corresponding
to one of the three urns: Ry, Ry, and Rs3. That is, the first class of priors is obtained by assuming
that subjects’ priors are over the three possible urns that could be generating the signals. We call
this class the Simplex priors, as they take the form of an element of the 3-dimensional simplex. Any
prior of this form can be parameterized by the three probabilities assigned to each urn, o € A3.
So in order to estimate the multiple-priors model with Simplex priors, we need to estimate the set
of priors My = {puo : po € A%}. Following history H; 1, a Bayesian using a simplex prior u; 1

updates their beliefs after observing a; white marbles and b; black marbles as follows:

ag + b\ (kN [4—E\*"
— _ _ k=1,23 2
:u’t,k X ( bt ) <4) 4 Ht 1,k 5 4y ( )

where f1; 1, is the subject’s belief that there are £ black marbles in the urn. Noting that the binomial

coefficient in is not a function of k, beliefs can be normalized to sum to one as follows:

R k)
Sy (4 = D)y

otk , k=1,2,3 (3)

When making decisions in the A- and C-tasks, the information needed from these beliefs is the

posterior probability of drawing a black marble. This is equal to:

2k
bt = Z Mk (4)
k=1

3.2 Beta Priors

The second class of priors is motivated by a behavioral model developed in [Moreno and Rosokhal

(2016). In this class, subjects’ priors take on a Beta distribution over the probability that a black



marble is drawn. Specifically, prior, P(p|H;), is distributed according to a Beta distribution with
parameters a;, and b;. The properties of the Beta distribution imply that the history, H;, is sum-
marized by (a¢, by). Furthermore, after observing a signal, s;, the posterior is distributed according
to Beta distribution with parameters a;y1 = a¢ + S¢, bry1 = by + (3 — s¢). A transformation that
facilitates interpretation of Beta priors is that the Beta distribution can be equivalently character-
ized by the mean p; = —%— and the strength N; = a; + b;. And so, in order to estimate the MP

at+bt
model with Beta priors, we need to estimate the set of priors My = {ug : po ~ Beta(pg, Np)} and

the power of the likelihood-ratio test, «.

3.3 Examples

In order to better understand the model and the two different assumptions regarding the priors, we
consider the following examples for a hypothetical sequence of draws from the A urn. Specifically,
suppose that before any draws have been made, an agent considers the set of priors, My, given
by d € (0, %), where § is the minimum probability that the subject assigns to each possible urn
composition. Specifically, we assume that the set of priors can be characterized by the subset of

the simplex that places at least probability mass é on each urn:
My = {0 : o € A% and min{pg} > 6}. (5)

Figure [4] presents the mechanics of the learning process. Specifically, a subject starts out with
a set of priors that he considers before any draws have been made, My, which contains all priors
that place at least § = .1 on each possible urn composition (Figure 4| (a)). By eliciting his beliefs
about the probability of a black and a white marble being drawn we are able to pin down the best-

and the worst-case scenarios.

Figure 4: Learning with Simplex Priors
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(Ob,0w) (1b,2w) (4b,2w)

1 ~ > 1 ~ > coe ocoeeee

:/ S [ = !Simplex : S " @ Most likely prior in M,
081 \,\\ ---- Indifference curves 081 1 \,\\ —--L =alL*

' If \_>. [ IInitial priors (M) ' If_ [ N>, [Set of posterior beliefs S
s
V-

N > M Likely priors (M)
e N

0.4! 04' ; ~
r/ I'/ 2 4 \,\
02, . 02, N,
: iy > : RS - I SN
0 > 0 > . .
0 02 04 06 08 1 0 02 04 06 08 1 04 06 08

Notes: An example of learning with simplex priors for a = 0.4 and 61 = d2 = J3 = 0.1, where « is the
parameter of the multiple-priors model of |[Epstein and Schneider| (2007) and d; is the minimum probability
that the subject assigns to each possible urn composition.




Suppose that one black and two white marbles are drawn from the urn, then learning can be
summarized in three steps: First, the agent determines the likelihood of each prior generating the
sequence. Second, the agent keeps only the priors (Figure [4] (b)) that pass the likelihood ratio test
(the set of priors bound by the solid red line in Figure [4| (b)). Third, the agent forms a posterior
for each of the “likely” priors (Figure 4| (b) red shaded area). Then, the worst-case scenarios, with
respect to the probability of a black marble being drawn, are the posterior beliefs that minimize
the probability of drawing a black marble. Inspection of Figure {4 (b) reveals that, following our
assumption about the shape of My, the worst-case scenario must lie at one of the corners of the
set of posterior beliefs. This is because the agent’s indifference curves are linear. Hence, when
we take this model to the data, we only need to compute the posterior probability of drawing a
black marble at the corners of the red shaded region: if there are multiple posterior beliefs that
are equally bad for the agent, they must all imply the same probability of drawing a black marble.
Figure [4] (c) shows the sets of likely priors and posterior beliefs after drawing four black and two
white marbles. In this scenario, the agent discards priors that assign too much probability mass to
the urn with one black marble. The set of posterior beliefs now assign very little probability to the
urn having one black marble.

Figure [5| (a) presents the evolution of beliefs (means of priors) corresponding to the priors in
Figure 4l In addition, Figure |5 (b) presents an example for the case of Beta priors. Specifically,

suppose that before any draws have been made, an agent considers the set of priors, My, given by

My = {po : po ~ Beta(po, No), po € [.325,.675], No = 10}. (6)

That is, this agent considers a worst-case scenario about the probability of black and white marbles
that are drawn being the same and equal to po(B) = po(W) = .325E| and the strengths of all priors
in this set being the same and equal to 10.00.

“This corresponds to the same ranges of po(B) and po(W) in the Simplex priors example.



Figure 5: Belief Updating with Simplex and Beta priors

(a) Simplex priors (b) Beta priors
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Notes: a = 0.4, Py, = 0.325, p, = 0.675, No = 10. Blue lines show the (remaining) set of prior probabilities
of drawing a black marble, red lines show the posteriors of these. Black dot shows the most likely prior, +
symbol shows the fraction of black marbles drawn. Black lines show the range of probabilities subject’s beliefs
must fall into. That is, suppose we observed many, many black signals, then all posteriors would converge
from below on Pr[black] = 0.75, even as Hiw — 1. For Beta priors, posterior Pr[black] — Hiw. Therefore the
Beta model allows subjects to have beliefs outside of p € [0.25,0.75], while Simplex does not.

Note that for a fixed Ny, as « increases, the size of the consideration set, M;, decreases, leading
to a smaller difference between the worst- and best-case scenarios at each point in time. And, as

Ny increases, the effect is the opposite — the worst- and best-case scenarios get further apart.

3.4 Estimation

The novel feature of this paper is that we estimate a mixture model of different types allowing for
individual level heterogeneity in preference, learning, and precision parameters. Specifically, we use
a hierarchical Bayesian approach to estimate the fraction of subjects that are of Bayesian (B) type
(i.e., those who follow Bayes’ rule with a subjective prior even when an objective one exists); and
the fraction of subjects that are of Multiple priors (M) type (i.e., those who behave according to
the multiple priors model of [Epstein and Schneider| (2007))). We allow for subjects to be of different
types in each of the two tasks, so we estimate a four-type mixture model, where each subject is
exactly one of (CB, AB), (CB, AM), (CM, AB), or (CM, AM). Next, we describe the estimation
procedure in more detail.
To begin, we assume that individuals’ utility function is parameterized using a normalized
version of the CRRA utility representation:
|
ui(z) = 1_7%7 (7)

where x is the outcome and +; is the risk-aversion parameter to be estimated. Thus, v; = 0

10



corresponds to subject ¢ being risk-neutral, and -; > (<)0 corresponds to a risk-averse (risk-loving)
subject. We use the contextual utility approach of [Wilcox| (2011) and assume that the agents
perceive that the difference between choices is relative to the range of outcomes found in the pair

of options. That is,

_ Elu;i(A)] = Elui(B)]
= T ($33) —w(%5) (8)

Notice that $33 is the best possible outcome and $5 is the worst possible outcome for all decisions

in our experiment. Subject 7 chooses the option with the highest expected value given her current
belief, subject to an error, which is assumed to be distributed according to a logistic distribution

centered at zero:

1
PA“ - 14+ e~ NiEi[Ui(Ai)—Ui(Bi)]’ (9)

where Py, , is the probability that the subject chooses option A at round ¢ for the ith lottery pair;
A;; and B;; are the ith lottery pair presented to the participants in round ¢; the subscript on
the expectation, E;[-], indicates that subject i is evaluating her utility based on individual-specific
parameters, which describe her prior if she is Bayesian, and her a; and parameters governing her
set of priors if she behaves according to [Epstein and Schneider (2010). \; > 0 is Subject i’s logistic
choice precision: if A; = 0 she will randomize uniformly over her choice set, and the probability of
her choosing the option that maximizes her utility is increasing in \;.

Combining equations , , and @D, we formulate the likelihood function of ¢’s choices y;,

conditional on her parameters 6;:

Li(0;,m:) = [ [ Pa x (1= Pa, )04, (10)
it

where 0; is a vector of all individual level parameters to be estimated and 7; is a latent cate-
gorical variable identifying the model — either Bayesian or |Epstein and Schneider| (2007)— that
she uses to make decisions in each of the decision tasks. We assume that subjects maximize ex-
pected utility in the R-task, but could behave according to either of these models in the C-task
or the A-task. Hence, there are four possible types that subjects could be classified into, that is:
{Bayesian, Multiple priors} x {A-task, C-task}. We use p € A% to denote the categorical distribu-
tion over these four types of subject. While we allow structural parameters ; to vary by subject,

we assume that each subjects’ 6; is an iid draw from a multivariate normal distribution:
0; ~ 1idN(3,%) (11)

We estimate these hyperparameters 3, 3, and p jointly with the 6;’s. We combine with priors

over parameters 3, 3, and p, then simulate the posterior distribution of all parameters described

11



above using techniques outlined in |[Online Appendix DHE|

To summarize, the current experiment and estimation extend Moreno and Rosokha (2016) in
four important dimensions. First, we implement a within-subject design, where each subject is
faced with a set of tasks about the compound urn (C-tasks) and a set of tasks about the ambiguous
urn (A-tasks). This will allow us to identify whether a subject behaves differently under compound
risk and under ambiguity. Second, beliefs are elicited both about the proportion of black marbles
and the proportion of white marbles. This allows us to estimate a multiple-priors model of learning,
rather than focus on learning models with singleton priors. Third, we estimate the model under
two different assumptions regarding the priors that subjects use. In particular, we compare the
model based on priors that are consistent with the urn composition process, with a model based
on subjective priors. Fourth, we estimate a mixture model of different types allowing for individual

level heterogeneity. That is, we allow preference and learning parameters to vary across subjects.

4 Results

This section is organized as follows. In Section [4.1] we discuss the results for the two assumptions
on the types of priors that subjects may use when learning under compound risk and ambiguity. In
Section [4.2] we discuss estimation results for the risk-aversion and the sets of priors that subjects

consider.

4.1 Model comparison

Recall, that we consider two different assumptions regarding the class of priors subjects consider.
The first class is the Simplex priors over the three possible urns that could be generating the signals
(i.e. priors over the number of black vs. white marbles in the urn). This class is consistent with
the information provided regarding the urn composition. The second class is the Beta priors over
the probability that a black marble is drawn. This class is more general in that it allows subjects
to consider priors that are not possible given the composition process of the urns.

Table [I] summarizes important features of the posterior distribution of mixing probabilities.
Panel (a) of the figure presents the results for the Simplex priors case. When restricting the
behavior to Simplex priors, we estimate that approximately 58% of subjects behave according to
the multiple-priors model and approximately 22% of subjects are Bayesian both in the A-task and
in the C- tasks. Panel (b) of the figure presents the results for the Beta priors model. When

considering a set of more general priors, we estimate that approximately 60% of subjects behave

50ur specification is therefore a mixture model at the subject level with a “correlated random coefficients” as-
sumption about individual specific parameters. It is therefore more akin to |Conte, Hey, and Moffatt| (2011 than
Harrison and Rutstrom| (2009) in two important ways: firstly, the mixing is at the subject level rather than the
decision level, and secondly, parameters 0, are assumed to be random draws, rather than deterministic functions of
observable characteristics. Our estimation differs from |Conte, Hey, and Moffatt| (2011]) in only three notable ways:
(i) we consider different behavioral models, hence our likelihood functions are different; (ii) where |Conte, Hey, and
Moffatt| (2011) has two behavioral types, we have four; and (iii) we use Bayesian techniques instead of (simulated)
maximum likelihood.
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according to the Bayesian model in both the A- and C- tasks, and approximately 25% of subjects

behave according to the multiple-priors model in the A-task and Bayesian in the C-task.

Table 1: Summary of mixing probability estimates

(a) Simplex Priors

(b) Beta Priors

MIXING PROBABILITIES — JOINT

MIXING PROBABILITIES — JOINT

AB CB 0.220  (0.077) AB CB 0.603  (0.061)
AB CM 0.113  (0.061) AB CM 0.062  (0.035)
AM CB 0.088  (0.069) AM CB 0.251  (0.051)
AM CM 0.578  (0.090) AM CM 0.085  (0.032)
MIXING PROBABILITIES — MARGINAL MIXING PROBABILITIES — MARGINAL
CM 0.692  (0.098) CM 0.147  (0.047)
AM 0.666  (0.073) AM 0.336  (0.054)

Pr(CM > AM) 0.636
PROB MODAL TYPE

Pr(CM > AM) 0.002
PROB MODAL TYPE

AB CB 0.009 AB CB 1.000
AB CM 0.000 AB CM 0.000
AM CB 0.002 AM CB 0.001
AM CM 0.989 AM CM 0.000

Marginal log-likelihood: -4539 (mean) Marginal log-likelihood: -4337 (mean)

Notes: Panel (a) shows estimates for Simplex priors. Panel (b) shows estimates for Beta priors. Reported
mixing probabilities are posterior means (standard deviations). “Prob modal type” reports the posterior
probability that each type is the most prevalent in the population. AB-CB, AB-CM, AM-CB, and AM-CM
are the four possible types that subjects could be classified into from the set {Bayesian, Multiple priors} x
{A-task, C-task}.

We compare and select one of these estimated models using a Bayes Factor. In our case we

calculate a Bayes Factor of approximately 1.7 x 10% in favor of the Beta priors specification over

the Simplex priors specification.
Result 1 Subjects do not use (sets of) priors consistent with the urn composition process.

Result 1 highlights the importance of allowing subjective priors and sets of priors that might be
inconsistent with the urn construction process. In particular, if subjects know (have verified) that
there are three possible urn compositions, then they should hold a Simplex prior (and posterior),
which in addition to the restriction that p € [0.25,0.75] also places an implicit restriction on the
“weight” of the prior. For example, the maximum amount by which the mean of the Simplex prior
can change after one draw is 13.4%. In practice, however, subjects may attribute little weight to the

initial prior and form posteriors close to the empirical frequencyﬁ Beta priors do not impose such

5For robustness, we carry out the analyses from above while restricting the priors (and posteriors) to follow Beta
distribution truncated to [.25,.75]. Results are presented in Tables B-1, and B-3 of Online Appendix B. We find the
main results are quantitatively similar —the proportion of AB-CB type is approximately 60%, and the proportion of
AM-CB type is approximately 29%— though individual preference and learning parameters change.
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implicit restrictions. Thus, in terms of the probability of drawing a black marble, the Beta priors
assumption is a more flexible model, and this added flexibility improves that model’s performance.

Given overwhelming support for the Beta priors, our further analysis focuses only on the Beta
priors model. In particular, the second panel of Table [I| reports the marginal mixing probabilities
for each task. We find that 15% and 34% of subjects use MP decision rules in the C-task and in
the A-task, respectively. These numbers are statistically different: the posterior probability that
subjects are more likely to be MP in the C-task than in the A-task, is approximately 0.002. Table

explores the ordering of mixing probabilities for the Beta priors model in more detail.

Table 2: Ordering of Mixing Probabilities

Type ranking Posterior probability
ABCB > AMCB > AM CM > AB CM 0.6955
ABCB > AM CB > AB CM > AM CM 0.2959
ABCB > AM CM > AM CB > AB CM 0.0062
ABCB > ABCM > AM CB > AM CM 0.0018
AM CB > ABCB > AM CM > AB CM 0.0003
AMCB > ABCB > ABCM > AM CM 0.0002
ABCB > AM CM > ABCM > AM CB 0.0001

Notes: AB-CB, AB-CM, AM-CB, and AM-CM are the four possible types that subjects could be classified
into from the set {Bayesian, Multiple priors}x {A-task, C-task}.

Table [2| presents seven most likely (by posterior probability) orderings of mixing probabilities.
Since the prior distribution places equal weight on all mixing probabilities (and hence orderings
of these), these numbers are all equal to 1/4! =~ 0.04 in the prior distribution. In our experiment,
99.1% of the posterior probability is placed on the first two rows of this table. These rows agree
on the ranking of the two most prevalent types, (AB-CB) and (AM-CB), which account for about
85% of subjects, but disagree on the ordering of the two least likely types.

Result 2 The two most common types of subjects are: i) Bayesian under both compound risk and
ambiguity, and ii) Bayesian under compound risk, but using a multiple-priors learning model under

ambiguity.

Result 2] states that the most common type of subjects are those that are Bayesian in both
the ambiguous and compound environments. The second most common type are subjects that
are Bayesian in compound environments but behave according to the multiple priors model in the

ambiguous task. Next, we present the individual parameter estimates.

4.2 Parameter Estimates

Table [3] presents summary statistics for the individual-level parameter estimates. In particular, the

table presents the means and medians for the preference parameter of risk aversion, the precision
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parameter, and the learning model parameters for the two common types.

Table 3: Parameter Estimates

COMMON COMPOUND - BAYES AMBIGUOUS - BAYES AMBIGUOUS - MULTIPLE PRIORS
0% log A log No Do log No Do @ log No Pomid Dosp
MEAN
0.62 2.71 1.17 0.49 0.91 0.50 0.83 4.80 0.51 0.66
(0.09)*  (0.13)* (0.21)* (0.01)*  (0.31)* (0.01)*  (0.12)* (0.47)* (0.03)* (0.11)®
VARIANCE & CORRELATION
y 2.19¢
log A 0.23 8.30°
log No -0.17 0.17 0.67°
Po 0.01 0.01 -0.01 0.07¢
log No 0.11 0.83 0.24 0.01 6.10¢
Po -0.02 -0.05 0.05 0.01 -0.08 0.19¢
«@ -0.27  -0.63* 0.06 0.01 -0.51 0.06 0.29°
log No -0.24 -0.00 0.13 -0.02 -0.02 0.03 0.17 0.97°
Pomid -0.04 0.02 0.18 -0.01 0.04 0.02 0.03 0.02 0.06*
Posp -0.21 -0.12 0.20 0.02 -0.06 0.01 0.11 0.06 -0.04 0.15%

Notes: Table shows posterior means (standard deviations). *

indicates that a 95 percent
Bayesian credible region does not include zero. ® indicates that stars are suppressed because
these parameters can only be positive. ~ - risk-aversion. A - logit choice precision. Ny - prior
strength. pg prior mean. « - likelihood for discarding priors. pgm;q midpoint of the set of

prior means. posp spread of the set of prior means.

There are several results from Table 3] that are worth noting. First, we find a relatively large
spread in the set of priors (0.66) associated with the multiple-priors model in the ambiguous case.
Second, we find that with the exception of (a, A)-pair there is no correlation among any of the model
parameters. Third, we find the average level of risk aversion (0.62) to be in line with previous studies
(e.g., Harrison and Cox} 2008) and uncorrelated with any of the learning parameters. Next, we
investigate these observations in more detail.

We find that spread of the set of priors is large in magnitude (0.66), but the fraction of subjects
that are classified as likely to use the multiple priors model is relatively small. So, what is the extent
of not-Bayesian-ness in our data? To investigate this question, we check whether, for each decision,
an MP subject’s optimal action could change if they were forced to be Bayesian, depending on the
choice of prior from their estimated set of priors. Notice that we only need to check the priors at

the endpoints of a subject’s set of priors, and therefore, we can re-phrase this question as:

For a particular decision, is a subject’s optimal action different if we choose the most

optimistic prior or the most pessimistic prior?

We evaluate this question for every decision presented to that subject, and compute the fraction
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of choices for which we answer “yes” to this question. We weight these fractions by the subject’s
probability of being MP. The result is presented in Figure 6} The figure shows posterior medians
(dots) and 90% credible regions (lines) for each subject around the fraction of decisions that they

would reverse based on selecting priors at the endpoints in their set of priors.

Figure 6: “Extent of non-Bayesian-ness”

] (a) A-task ] (b) C-task
0.9 0.9
0.8 Lo 0.8}
07t ¢ 07t ‘
e . Ind 50th percentile
g7 Ind 5th-95th percentile
= 06¢ 067
=
£ 05 0.5%
£
5 04} 04}
0.3¢% 0.3%
0.2¢% 0.2%
0.1% 0.1%
0 1 | 0 1 ]
0 0.5 1 0 0.5 1

Fraction of potentially different decisions

Notes: A refers to Ambiguous; C refers to Compound. Lines denote the 90% credible regions. B refers to
Bayesian, and M refers to multiple priors

Figure [6] shows that MP behavior is more important in the A-task. We can see this in this figure
by noting that many more subjects’ posterior medians do not fall on the vertical axis in panel (a).
In addition, about 20% of subjects were estimated to make different decisions in at least 40% of
the A-task, while the corresponding fraction of subjects in the C-task is 0%.

As noted above, we find the precision parameter () is significantly correlated with the learning
parameter of the multiple priors model («). While we believe our treatment of choice precision as
a subject-level parameter no different to (say) risk aversion, we note that it is more common in the
literature to assume that choice precision is constant across subjects[] To investigate the extent to
which heterogeneity in A is important for the conclusion about the prevalence of Bayesian versus

Multiple-Priors types, we carry out the same estimation, but with the restriction of the common

"Harrison and Rutstrom| (2009), |Conte, Hey, and Moffatt (2011)), and [Harrison, Martinez-Correa, and Swarthout
(2015)), for example, make this assumption. [Ferecatu and Ongiiler| (2016) on the other hand assumes choice precision
is subject-specific.
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precision parameter. Table in the Online Appendix presents the results of the estimation in
which we restrict the choice precision to be the same across all subjects. We find that learning
estimates do not differ between the two models. This is good news in that the learning parameters
and conclusions are robust to the restriction.

Surprisingly, when restricting A to be the same across subjects we find a substantial reduction
in mean risk aversion parameter (from 0.62 to 0.47), and its associated variance estimate. For
perspective, a subject with v; = 0.62 would be indifferent between receiving $1.61 for sure and an
equal chance of winning $10 or nothing, while a subject with v = 0.47 would need the sure amount
to be $2.70 to be made indifferent. Figure [7| presents a further investigation of risk aversion in
the heterogeneous-A and homogeneous-A models. We find that for the heterogeneous-A model the
fraction of risk averse subjects is 0.776 (0.037) and for the homogeneous-A model the fraction of risk
averse subjects drops to 0.688 (0.040). While for our research question, v was a nuisance parameter,
we note that the impact of heterogeneity in A would have been unknown without our analysis, and
a priori could have also affected the mixing probabilities and parameters in the multiple priors
model. Finally, we note that since we have used the contextual utility model (Wilcox, 2011)),
this discrepancy is not driven by, for example, payoff differences being uniformly larger for more
risk-loving subjects: choice precision, even when utility is normalized, appears to be substantially

heterogeneous.
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Figure 7: Estimates of Risk Aversion and Precision
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Notes: Each graph describes the distribution of an individual-level parameter. Dots and horizontal black
lines show the posterior median and 90% Bayesian credible region for each subject respectively (sorted from
lowest to highest median). The thick black line shows a kernel-smoothed density of the posterior medians
(normalized so that the maximum density is equal to one). Blue lines show a 90% credible region around the
population cumulative density function for the heterogeneous A model, and red dashed lines show the same
credible region estimated from the homogeneous A model.

5 Conclusion

We ran an economics experiment in order to compare learning under compound risk and under
ambiguity using a multiple-priors model of decision making under uncertainty. Participants were
required to make sequential choices over pairs of lotteries involving two types of urns: i) a com-
pound urn that was built using a known randomization device, which implied a unique prior; and
ii) an ambiguous urn whose composition process was unknown to the participants, and, hence, no

unique prior was provided. As successive draws were made from each urn (with replacement), our
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methodology allowed us to track the best- and worst-case scenarios for the urn composition per-
ceived by the subjects at every drawing round, providing indirect evidence on the set of considered
priors at each point in time.

We find that the majority (60%) of subjects learn according to Bayes’ rule under both compound
risk and under ambiguity, a result that is encouraging for papers that aim to use Bayes’ rule to
model learning in ambiguous environments (e.g., Bossaerts, Ghirardato, Guarnaschelli, and Zame),
2010). In addition, we find that the second most common type (25%) are subjects that are Bayesian
under compound risk, but use a multiple priors model of learning under ambiguity. This result
shows that the extent to which behavior under ambiguity differs from behavior under compound
risk is relatively moderate. Importantly, we show that restricting subjects’ behavior to be consistent
with the information provided about the urns (which implies a particular class of priors) leads to
incorrect conclusions about learning. Finally, this is one of the first papers that allows for subject-
level heterogeneity in preference, learning, and choice precision parameters. We show that while
the learning estimates are largely robust, the estimates of risk aversion may be unreliable when

restricting choice precision parameters to be the same.
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Online Appendix A Experimental Instructions

Numbered bags hang on top of the blackboard at all times during the experiment. The practice bag
has 1 unknown marble in it. (one empty bag for each of the R urns; 4 empty bags for the C urn;
one bag with 2 balls of unknown color in case of the first A urn; one bag with 2 balls of unknown

color in case of the second A urn)
Experimental Instructions.

Todays experiment will last about 120 minutes. Everyone will earn at least $10. If you follow the
instructions carefully you might earn even more money. This money will be paid at the end of the

experiment in private and in cash.

It is important that during the experiment you remain SILENT. If you have any questions, or
need assistance of any kind, RAISE YOUR HAND but DO NOT SPEAK. One of the experiment

administrators will come to you and you may whisper your question to us.

If you talk, laugh, or exclaim out loud, you will be asked to leave and will not be paid. We expect

and appreciate your adherence to the instructions.

In total, you will make 180 decisions that affect your potential earnings. Each decision could earn
up to $33. At the end of the experiment, two of your 180 decisions will be chosen randomly and
carried out to determine your actual money earnings. Decisions that will determine your payoff

will be selected by rolling dice.

Each decision task will be a set of choices between two lotteries. You can only gain money in these

lotteries, you cannot lose any money.

Please click “Continue.”
Practice Bag Composition.

We will illustrate decisions and the compensation procedure with the following examples, presented

as practice tasks. In these tasks you will choose between two lotteries.

Note, your compensation will not depend on practice decisions. Please direct your attention to the

experimenter who will explain the composition of the practice bag.
Press “Continue” once the experimenter finished constructing the bag.

“The outcome of the lottery is based on the color of the ball that will be drawn from the practice bag
at the end of practice tasks. In this bag there is one ball of unknown color (either black or white).”
Show the bag. Let one of the participants verify that there is one marble in it by touching the bag.
“We add two black marbles to the bag and one white marble. The outcome of the first practice task

1s based on the color of the ball that is drawn from this bag. Please click continue.”
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Practice Task 1.

For each task you will have two minutes to choose between lotteries labeled A and B. The outcome

of the lottery is based on the color of the ball that will be drawn from “practice” bag.

Bag was composed as follows: one ball of unknown color (either black or white), two black balls,

and one white ball.
Please choose between lotteries A and B for each question and click ’SUBMIT".

Option A will pay a fixed amount regardless of the color of the ball. Option B will pay $33 if black
ball is drawn, and $5 if white ball is drawn. Please choose between options A and B for each of
the questions and press Submit. Notice that you have nine different questions, and for each of them
you have to choose A or B. For example question 1): Would you rather have A $6 for sure or B
$33 if a black ball is drawn and $5 if a white ball is drawn from the practice bag. Another example
is question 9): would you rather have A: $30 for sure or B: 333 if a black ball is drawn and $5 if
a white ball is drawn from the practice bag? You need to make separate decision for each of the

questions 1-9.
— decision tasks with $33 if black and $5 if white —
Practice Bag Draws.
Let us make three draws from the “practice” bag, replacing the ball after each draw.

Reminder, “practice” bag was composed as follows: one ball of unknown color (either white or
black), two black balls, and one white ball.

Ask a participant to draw one ball: “Please draw one ball from this bag.” Then ask them to replace
the ball into the bag. Repeat two more times. After participants made the three draws (and replaced
them into the bag), the experimenter hangs the bag at the top of the blackboard for everyone to
see. Next, the experimenter enters draws on own terminal and those records also appear on the

participants’ screens. “I will record the draws and you can see them on your computer screen.”
Practice Task 2.
You will choose between lotteries illustrated below and labeled A and B.

The outcome of the lottery is based on the color of the ball that is drawn from the “practice” bag.
Notice that draw will be made from the same “practice” bag and history of draws is available on
the right side of this screen. Also notice that the lottery B will have payoffs of either $33 or $5
depending on the color of the ball. But sometimes it will be $33 if black and $5 if white, and other
times it will be $33 if white and $5 if black. Each of these will be clearly displayed on your screen.
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Reminder, “practice” bag was composed as follows: one ball of unknown color (either black or
white), two black balls, and one white ball.

Please choose between lotteries A and B for each question and click "SUBMIT’. Notice for all pairs
of lotteries option B pays $33 if white ball is drawn and $5 if black ball is drawn.

— decision tasks with 333 if white and 35 if black — + — history box —
Compensation.

Let us demonstrate the compensation procedure. In total you will make 180 decisions, each corre-
sponding to a draw from one of the bags (labeled 1-6). At the end of the experiment you will roll
dice to establish decisions that will determine your compensation. At that time you will make a
draw from appropriate bags. The procedure will be as follows: you will roll two dice: first die will
determine the decision task (for now we will stick with two practice decision tasks), the second die

will determine the question selected.

For example, suppose the first die comes up 2 and the second die comes up 3, then the lottery that

was randomly chosen is #3 from practice task 2.
Actual Tasks.

Now the tasks for which you will be compensated begin.

In total, you will make 180 decisions that affect your potential earnings (20 tasks with 9 decisions
each). Each decision could earn you up to $33. At the end of the experiment, two of your 180
decisions will be chosen randomly and carried out to determine your actual money earnings. The
decision that will determine your payoff will be selected by rolling two dice. The first die will
determine the task number, the second die will determine the decision number. This procedure

will be repeated twice, so the two decisions selected will be independent.

Bag 1 Composition.

For tasks 1 and 2 the outcome of the lotteries is based on the color of the ball that will be drawn
from bag 1. At this time please direct your attention to the experimenter who will explain the

composition of bag 1.
Please press “Continue” once the experimenter finished constructing the bag.

“This bag is empty” Show the bag.” Let one of the participants verify that there are no balls there
by touching the bag. “We add two balls and two white balls to bag 1.” Place the bag at the top of

the blackboard so that everyone can see it for the duration of the experiment.
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Task 1.

The outcome of the lottery is based on the color of the ball that will be drawn from bag 1. Reminder,

bag 1 was composed as follows: two black balls, and two white balls.

Please choose between lotteries A and B for each question and click 'SUBMIT’. Notice that for all
pairs of lotteries option B pays $33 if black ball is drawn and $5 if white ball is drawn.

— decision tasks with $33 if black and $5 if white —
Task 2.

The outcome of the lottery is based on the color of the ball that will be drawn from bag 1. Reminder,

bag 1 was composed as follows: two black balls, and two white balls.

Please choose between lotteries A and B for each question and click 'SUBMIT’. Notice that for all
pairs of lotteries option B pays $33 if white ball is drawn and $5 if black ball is drawn.

— decision tasks with $33 if white and $5 if black —

Tasks 3 and 4 follow the same procedure. Specifically, Tasks 3 corresponds to Bag 2 which
contained 3 black balls and 1 white ball and Task 4 corresponds to Bag 3 which contained 3 white
balls and 1 black ball. Task 3 involves decisions with $33 if black and $5 if white;

Bag 4 Composition.

For tasks 5 through 10 the outcome of the lotteries is based on the color of the ball that will be
drawn from bag 4. At this time please direct your attention to the experimenter who will explain

the composition of bag 4.
Please press continue once the experimenter finished constructing the bag.

“These four bags are empty.” Show the bags, let one of the participants verify that there are no balls
there by touching them. Show them a box and let one of the students verify that it is empty. “We
add one black and three white balls to the first bag and place it in the box. We add two black and
two white balls to the second bag and place it in the box. We add two black and two white balls to
the third bag and place it in the box. We add three black and one white ball to the fourth bag and
place it in the box.” Shake the box and let one of the participants draw one bag from the box. “That
is Bag 4 used for tasks 5 through 10.”

Task 5.
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The outcome of the lottery is based on the color of the ball that is drawn from bag 4.

Reminder, bag 4 was composed as follows: 1/4 chance of one white and three black balls; 2/4
chance of 2 white and 2 black balls; 1/4 chance of three white and one black balls.

Please choose between lotteries A and B for each question and click 'SUBMIT’. Notice that for all
pairs of lotteries option B pays $33 if black ball is drawn and $5 if white ball is drawn.

— decision tasks with $33 if white and $5 if black —

Task 6 is the same as Task 5 with the exception that the decision tasks involve $33 if white
and $5 if black.

Bag 4 Draws.

Reminder, bag 4 was composed as follows: 1/4 chance of one white and three black balls; 2/4
chance of 2 white and 2 black balls; 1/4 chance of three white and one black balls.

Now, let us make three draws from bag 4, replacing the ball after each draw.

Ask a participant to draw one ball. Then ask them to replace the ball into the bag. Repeat two more
times. After participants made the three draws (and replaced them into the bag), the experimenter
hangs the bag at the top of the blackboard for everyone to see. Next, the erperimenter enters draws

on own terminal. “I will record the draws and you can see them on your computer screen”.
Task 7.
The outcome of the lottery is based on the color of the ball that is drawn from bag 4.

Reminder, bag 4 was composed as follows: 1/4 chance of one white and three black balls; 2/4
chance of 2 white and 2 black balls; 1/4 chance of three white and one black balls.

Please choose between lotteries A and B for each question and click 'SUBMIT”’. Notice that for all
pairs of lotteries option B pays $33 if black ball is drawn and $5 if white ball is drawn.

— decision tasks with 333 if white and 35 if black — + — history box —

Task 8 is the same as Task 7 with the exception that the decision tasks involve $33 if white
and $5 if black.

Bag 4 Draws.
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Reminder, bag 4 was composed as follows: 1/4 chance of one white and three black balls; 2/4
chance of 2 white and 2 black balls; 1/4 chance of three white and one black balls.

Now, let us make three draws from bag 4, replacing the ball after each draw.

Ask a participant to draw one ball. Then ask them to replace the ball into the bag. Repeat two more
times. After participants made the three draws (and replaced them into the bag), the experimenter
hangs the bag at the top of the blackboard for everyone to see. Next, the erperimenter enters draws

on own terminal.

Tasks 9 and 10 are the same as Tasks 7 and 8, with an updated history of draws.
Bag 5 Composition.

For tasks 11 through 16 the outcome of the lotteries is based on the color of the ball that will be
drawn from bag . At this time please direct your attention to the experimenter who will explain

the composition of bag 5.
Please press continue once the experimenter finished constructing the bag.

“In this bag there are two balls of unknown color (each could be either black or white).” Show the
bag. Let one of the participants verify that there are two balls in the bag by touching it. “We add
one black ball to the bag and one white ball to the bag. Please click Continue.”

Tasks 11 through 16 are the same as Tasks 5 through 10 with the difference that the bag is the
Ambiguous bag. Note that in half of the treatments the Ambiguous bag was presented before the
Compound bag.

Tasks 17 through 20 are the same format at Tasks 11 through 16 with the difference that a
different bag (Bag 6) is used. The construction process of Bag 6 is the same as Bag 5. Another

difference is that after the first and the second set of draws subjects face only one task ($33 if black
and $5 if white for Task 19, and $33 if white and $5 if black for Task 20).

Figure presents the screenshot of one of the Tasks from the experiment. We highlight three
component of the screen: (1) Information regarding which bag is used and the reminder of that
bag’s composition; (2) Decision tasks; (3) History of draws and the draw summary (if any). Note
that although the figure presents the decisions with $33 if black and $5 if white, half of the decisions
tasks involved decisions with option B being $33 if white and $5 if black.
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Figure A-1: Screenshot of the Experimental Interface.

Participant ID: 1 Remaining 104 seconds

O,

Draw History:
Black
Task 13 Black

The outcome of the lottery is based on the color of the ball that is drawn from bag 5. Reminder, bag 5 was composed as follows: two B

balls of unknown color (each either black or white), one black ball, and one white ball.

Summary:
#Black: 3
#White: 0

Please choose between lotteries A and B for each question and click 'SUBMIT". Notice for all pairs of lotteries option B pays $33 if

black ball is drawn and $5 if ballis drawn.
& B
! = - e
! . & i
? o o 35 it
! o s
K i 2 i
; - s
! ¥ L 35wt
: & s
: & e

Notes: (1) Information regarding which bag is used and the reminder of that bag’s composition; (2)

Decision tasks; (3) History of draws and the draw summary (if any).
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Online Appendix B Robustness Checks

Table B-1: Summary of mixing probability estimates

(a) With Data from Moreno & Rosokha (2016)  (b) Restricting Beta priors to [.25,.75]

MIXING PROBABILITIES — JOINT MIXING PROBABILITIES — JOINT
AB CB 0.510 (0.055) AB CB 0.602 (0.063)
AB CM 0.094 (0.040) AB CM 0.035 (0.028)
AM CB 0.229 (0.053) AM CB 0.293 (0.059)
AM CM 0.166 (0.045) AM CM 0.069 (0.032)

MIXING PROBABILITIES — MARGINAL MIXING PROBABILITIES — MARGINAL
CM 0.260 (0.056) CM 0.104 (0.040)
AM 0.396 (0.054) AM 0.362 (0.061)
Pr(CM > AM) 0.034 Pr(CM > AM) 0.000

PROB MODAL TYPE PROB MODAL TYPE
AB CB 0.998 AB CB 0.996
AB CM 0.000 AB CM 0.000
AM CB 0.002 AM CB 0.004
AM CM 0.000 AM CM 0.000

Marginal log-likelihood: -6703 (mean) Marginal log-likelihood: -3630 (mean)

Notes: Panel (a) shows estimates for Beta priors, including data from both experiments. Panel (b) shows
estimates for restricted Beta priors. Reported mixing probabilities are posterior means (standard deviations).
“Prob modal type” reports the posterior probability that each type is the most prevalent in the population.
AB-CB, AB-CM, AM-CB, and AM-CM are the four possible types that subjects could be classified into from
the set {Bayesian, Multiple priors} x {A-task, C-task}.
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Online Appendix C Additional Tables and Figures

Figure C-2: Task Order

Stage 1 2 3 4
Treatment 1 R C A A
Treatment 2 R A C A

Figure C-3: Individual posterior type probabilities.

] (a) Bayes in both tasks ] (b) MP in A-task only
097 i 0.9r i
0.8 4 0.8

o7t —= 0.7 I =
4,':_‘-; e .:':.L' =
g 0.6 — Z 0.6 Fr——
Zo05¢f L o5E—
g |
5047 2 04
03 15— 0.3 i
0.2} 0.2+
0.1 " 0.1 " - Ind 50th percentile
i i Ind 5th-95th percentile
0 b ! ! 0 1 ! !
0 0.5 1 0 0.5 1
Pr(A-B C-B) Pr(A-MP C-B)

Notes: Panel (a) shows individual posterior probabilities that a subject is Bayesian in both tasks. Panel (b)
shows individual posterior probabilities that a subject is Bayesian in the compound task, but Multiple Priors
in the ambiguous task. Dots (lines) show posterior medians (90% credible regions) for these probabilities for
each subject.

While Table [I] shows estimates of the fraction of each type in the population, we can also assign
posterior probabilities to each subject being each type. We do this for the two most prevalent
types, shown in Figure where dots show a subject’s posterior median probability of being that

type, and the lines show a 90% credible region around that. For a reasonable fraction of subjects
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the credible region is quite small. If a subject’s credible region covers only probabilities close to 1,
we can be very certain that that subject is that type. On the other hand, if the credible region is
bunched up around zero, the we can be very sure that the subject is not that type. Wide credible
regions in panel (a) of this Figure mostly correspond to wide credible regions in panel (b): our

uncertainty about these subjects is whether they are B or MP in the A task.
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jects.

(a) Estimates summary

Table C-5: Estimates from the restricted Beta priors model, setting choice precision \; to be
constant across sub

(b) Mixing probabilities

MIXING PROBABILITIES — JOINT

Y o logNo  pomia  Posp
MEAN 0.47 0.83 5.70 0.50 0.54
(0.12)%  (0.12)% (0.48)% (0.03)% (0.09)*
VARIANCE / CORRELATION
y 12.37 - - - -
(14.20)2
o' 0.28 0.10 - - -
(042)  (0.05)
log Ny -0.11 0.15 2.14 -
(0.22)  (0.14) (L.15)
POmid 0.05 0.01 -0.06 0.01 -
(0.20)  (0.14)  (0.25) (0.00)®
Dosp -0.26 -0.01 0.24 -0.05 0.06
(021)  (0.15)  (0.26) (0.48) (0.03)®
log A 2.28 (0.02)

AB CB 0.602 (0.063)
AB CM 0.035 (0.028)
AM CB 0.293 (0.059)
AM CM 0.069 (0.032)
MIXING PROBABILITIES — MARGINAL
CM 0.104  (0.040)
AM 0.362 (0.061)
Pr(CM > AM) 0.000
PROB MODAL TYPE
AB CB 0.996
AB CM 0.000
AM CB 0.004
AM CM 0.000

Notes: Table shows posterior means (standard deviations).

*

indicates that a 95 percent

Bayesian credible region does not include zero. ¢ indicates that stars are suppressed because

these parameters can only be positive.

v - risk-aversion. A - logit choice precision. Ny

- prior strength. po prior mean. « - likelihood for discarding priors. pgmiq midpoint of
the set of prior means. posp spread of the set of prior means. AB-CB, AB-CM, AM-CB,
and AM-CM are the four possible types that subjects could be classified into from the set

{Bayesian, Multiple priors} x {A-task, C-task}
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Online Appendix D Notes on Bayesian estimation techniques

Table D-6: List of individual parameters used in Beta priors specifications

Description Initial value / prior mean

PARAMETERS COMMON TO ALL TYPES

1 ~v, CRRA utility function parameter 0.5

2 log(\), logistic choice precision 2 = A\~T4
A-B TYPE

3 log(N{'~P) Strength of prior log(2), i.e. uniform

4 o~ 1(pi=B), mean of prior 0, i.e. uniform
A-MP TYPE

5 ®~!(a), extent discarding unlikely priors 0

6 log(N(‘)A_MP) Strength of set of priors log(2)

7/8  Parameters governing endpoints of set of priors: 67 = fg =
p, = ®(07) — 2(07)2(6s), P = 2(07) + (1 —

®(07))2(0s)
C-B TYPE
9 log(Ng'~B) Strength of prior log(2), i.e. uniform
10 <I>_1(p6473), mean of prior 0, i.e. uniform
C-MP TYPE
11 ®~1(a), extent discarding unlikely priors 0
12 log(N™MF) Strength of set of priors log(2)

13/14 Parameters governing endpoints of set of priors: 67 = fg =
p, = ®(07) — (07)@(0s), Py = P(67) + (1 —
®(07))®(0s)

We assume that subjects behave according to exactly one of four models of decision-making. These

models are:

e (A-B C-B) Bayesian with subjective priors (henceforth B) in both the A- and C-tasks, indexed
by =1

e (A-B C-MP) Bayesian in the A-task, Epstein and Schneider| (2007)) multiple priors (henceforth
MP) in the C-task, indexed by 7 = 2

e (A-MP C-B) MP in the A-task, B in the C-task, indexed by 7 =3

e (A-MP C-MP) MP in both tasks, indexed by 7 = 4
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Table D-7: List of individual parameters used in Simplex priors specifications

Description

Initial value / Prior mean

PARAMETERS COMMON TO ALL TYPES
v, CRRA utility function parameter
log(\), logistic choice precision

A-B TYPE

[N

3 ®(f3) = prior that the urn has 1 black marble,
conditional on it not having 2
4 ®(64) = prior that the urn has 2 black marbles

A-MP TYPE
5 05 = ®~1(a), extent discarding unlikely priors
6 ®(6s) = smallest prior probability assigned to urn
containing 2 black marbles

7/8  Parameters governing the minimum probabilities
assigned to there being 1 or 3 black marbles. p, =
(1—2(05))2(07)®(0s), p, = (1 —P(0))(67)(1 -
®(6s))

C-B TYPE

9 ®(9) = prior that the urn has 1 black marble,
conditional on it not having 2

10 ®(610) = prior that the urn has 2 black marbles

C-MP TYPE

11 611 = @ (a), extent discarding unlikely priors

12 ®(012) = smallest prior probability assigned to
urn containing 2 black marbles

13/14 Parameters governing the minimum probabili-
ties assigned to there being 1 or 3 black mar-

bles. p, = (1 — ®(012))P(013)P(614), P, = (1-

P(012))P(013)(1 — P(014))

0.5
2 = AxT74

07 =03 = =2

013 = 014 = =2
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Each model specifies a likelihood function mapping individual-level parameters 6; into a probability

distribution over actions Y;. We denote these likelihood functions as:
p(YtL | 91"7- = 1)7 p(Y; | 9177- = 2)a p(Y; ’ 91’77— = 3)” p(Y; | 92'77_ = 4)

We assume that subjects’ behavior is independent, so conditional on knowing all subjects behavioral

parameters 6, and their types 7, we can construct the likelihood of observing all subjects’ data as:

N
p(Y [0,7)= HP(Yz | 0i,7:)
i=1
We aim to simulate the posterior distribution p(3,3,p | Y). § and ¥ govern the distribution of
0, and p governs the distribution of 7. To this end, we augment the data with the individual-level

parameters 6 and 7 to get the joint posterior distribution of (5,3, p, 8, 7):

—

p(B,2,p,0,7) xp(Y | B,%,p,0,7)p(B8,%,p,0,7) (12)

[p(Yi | B, %, p,0,7]p(B, %, p,0,7) (13)

—.

1

= H [ZP(Y; ’ HiaT)I(Ti = T)pﬂ'] p(e ’ 57 E)p</87 Eap) (14)

..
I

=1
N

=11 [me | 63, 7)I(7; = ﬂm] p(0 | B,2)p(B,Z)p(p) (15)
=1L 7

where p(Y; | 6;,7) is subject i’s likelihood conditional on having parameters 6; and being type 7.
The final equality assumes that for the prior distribution, (3,Y) is independent of p.
Using Gibbs sampling, we can draw from this distribution if we can draw from its conditionals.

Broadly, this will be done in five steps (including an initialization):

0. Initialization: Choose initial values. These are summarized in Tables [D=6] and [D=7] for the

Beta and Simplex priors specifications respectively.

1. Draw from 3,% | 6, p,7,Y. Inspection of yields that:

p(B. X[ 0,p,7,Y) < p(8 | B,E)p(B, %, p) (16)

if we use a Normal-Inverse-Wishart prior (8,%) ~ NIW (M, L, P,V), with (3, ) independent
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of p in the prior distribution, then:

8,2 |0,p,T,Y~./\/'IW(M,f,F,V) (17)
7 = ij}é\m (18)
L=L+N (19)
V=V+N (20)
P P+i(9i —0y(6i— )+ =N (6 my(6— M) (21)

N =1 L+N o o

where § = % Zf\il 0;. See [Koop, Poirier, and Tobias (2007, Ex. 12.1) for a more general

derivation of this result. We can therefore draw from 3,% | 0, p, 7,Y as follows:

(a) Draw X | 0,Y ~ IW(P,V)

(b) Draw 8| %,6,Y ~ N (M,%/L)
We set the prior mean vector M equal to our starting values of 6 (See Tables and ),
P equal to the identity matrix, T’ = 1, and V equal to the number of elements in 5 plus 2E|

Note that by choosing small L and V, the (conditional) posterior of (3,3) is driven largely

by 6, our estimates of the individual-level parameters.

2. Draw 6 | 8,%, p,7 = 7, Y for each model 7. The relevant component of is:
p(el | Q,iﬁ,z,p,T:Tk,Y) O(p(YZ lelaT:Tk)p(el ‘ 572) Vi (22)

As p(Y; | 0;,7 = 1) is typically non-standard, we use a Metropolis-Hastings algorithm to

perform this step.

3. Draw 7 | 5,%,p,0,Y, and update 6 to be the one from above specific to this draw. The
relevant component of is:

p(T’i,k ’ 5727p7 97 Y) OCp(}/; ‘ eiaTi,k)pk (23)
p(Yi | 05, 7ik) Pk
= p(mix | B,5,p,0,Y) = : 24
( i,k | P ) le(y; ’ Hi,Ti,l>Pl ( )
Note that the simulated values of can be used to assign posterior probabilities to individ-

ual subjects being each type. While we do not need to store these to make statements about

the posterior moments of the population-level parameters (3, ¥, p), we may nonetheless wish

to store these if we want to say things about specific subjects.

8For the mean of this prior distribution to exist, V must be at least the number of elements in 8 plus 1.
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4. Draw p | 5,%,60,7,Y. From :

N
plp | B,%,0,7.Y) < p(p) [ ] pr: (25)
=1
=p(p) [[ o """ (26)
k

If we assume a Dirichlet prior:

p(p) o [ oi* (27)
k
then:
a I (Ti=k

p(p|B,%,0,7,Y) KszkakZZ (r=h) (28)

k k

k

p|B,%2,0,7,Y ~ Dirichlet(a@y, ao, ..., ak) (30)
ap=a,+» I(ri=k) (31)

(2
We use a; = ay = a3 = a4 = 1, which implies the following about the prior distribution:

e The prior means of each mixing probability are all equal to 25%. (i.e. Each of the four

types are equally prevalent in expectation)

e The marginal distribution of types in each tasks are:

p(subject i is type A-MP) ~ iidBeta(2, 2) (32)
p(subject i is type C-MP) ~ iidBeta(2,2) (33)
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